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Optical Constants of A12O3 Smoke in Propellant Flames

David L. Parry* and M. Quinn Brewstert
University of Illinois at Urbana-Champaign, Urbana, Illinois 61801

An in situ light scattering and extinction technique was developed to determine the optical constants (n — ik)
and mean optical size (1/32) of molten AhOa smoke particles in propellant flames. Direct transmittance and
bidirectional transmittance and reflectance measurements were made using scattered laser light on aluminimized
solid propellant flames at visible and near infrared wavelengths (Xi = 0.6328 /*m and \2 = 1.064 /mi). The optical
properties of the molten AliOs smoke combustion product were obtained from the light scattering and extinction
measurements by inverse solution of the radiative transfer equation. A mean optical size of d^i = 0.97 j*m was
obtained, which agrees well with other reported values. The values of n obtained for molten AhO3 at 2680 K
(nm,\i = 1.65 and /iOT,X2 = 1-64) were significantly less than the values which have been reported for solid AhOs
at temperatures just below the melting point of 2320 K (ns,\i = 1.82 and ns,\i = 1.81) indicating that a substantial
decrease in n occurs upon melting. This decrease in n can be attributed to the expansion that takes place upon
melting and is in good qualitative agreement with the predictions of the Lorentz-Lorenz equation. The value of
k obtained for molten AhOa at 2680 K was 0.006 ± 0.004 (at both wavelengths), which is in reasonable agreement
with other reported values. A dispersion analysis was also performed to fit this and other data over the spectral
region from 0.5 to 5.0 jim and for temperatures from 2320 to 3000 K.

Nomenclature
d = particle diameter, j^m
/v = particle volume fraction
H = effective wave number, ^m-1

/ = intensity
k = absorption index
TV = particle number density distribution
Nd = total particle number density, cm-3

n = refractive index
p = scattering phase function
<p > = scattering asymmetry factor
Q - efficiency
r = particle radius
T = temperature or direct transmittance, K
t = optical thickness
x = particle size parameter, ird/\
a,j3 = particle size distribution parameters
7 = dispersion oscillator relaxation parameter,
e = dialectric constant
r? = wave number
0 = single scattering polar angle
6 = slab polar scattering angle
X = wavelength
JU, = COS0
p = density or reflectivity
p" = bidirectional reflectivity
a = normalized standard deviation
r" = bidirectional transmissivity
co0 = single scattering albedo

Subscripts
a = absorption
b = backward
e = extinction
/ = forward
L = cell or flame thickness
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m = molten
mp = most probable
o = center wave number
p = plasma
ref = reference cell
s = solid or scattering

Superscripts
~ = average over particle size

= real part
" = imaginary part
* = nondimensional

Introduction

T HE optical constants (n -ik) and particle size of molten
A12O3 are important in several areas of solid rocket motor

analysis. In heat transfer analysis, these properties are neces-
sary for predicting radiative heat transfer to the nozzle,1 inter-
nal insulator surfaces,2 external equipment,3 and to the burn-
ing propellant surface itself.4 In performance analysis, the size
distribution of particles entering the nozzle is of interest be-
cause of the strong influence of nozzle two-phase flow losses
on performance.5 Although the optical properties of A12O3
have been studied extensively in the past, there is still consider-
able uncertainty about what values to use in any given situa-
tion. Much of this uncertainty is a result of the fact that most
previous measurements of these properties have been made
either using samples other than actual particles produced by
propellant combustion or under conditions different from the
actual propellant product gas environment, such that the par-
ticle composition (i.e., purity and stoichiometry) is probably
quite different from that which exists in the actual propellant
product gas environment. In this paper, new measurements are
reported for the optical constants of molten A12O3 smoke par-
ticles produced by propellant combustion as well as their mean
optical size (d32)- These measurements are based on a multi-
wavelength, in situ, inverse light scattering and extinction tech-
nique carried out in the actual propellant flame environment.

Solid Phase Optical Constants
The optical constants of A12O3 in the pure solid state have

been relatively well established by many previous investiga-
tions.6'21 Figures 1 and 2 show that at room temperature, pure
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A12O3 is essentially nonabsorbing between 0.5 and 5 ^m.
Below 0.2 and above 6 /mi, electronic transitions and lattice
vibrations, respectively, result in photon absorption. The re-
fractive index ns varies between 1.8 and 1.6,6 and the absorp-
tion index ks varies betweeen 10 ~7 and 10 ~5 depending on
wavelength.7 Measurements at higher temperatures8 indicate
that ns increases as temperature increases with a nearly con-
stant coefficient, 2.9x 10~5K~1,9 as shown in Fig. 1. The ab-
sorption index also increases with increasing temperature,8'10'18

as shown in Fig. 2. However, the data of Konopka et al.,10

which were taken from measurements using actual rocket par-
ticles heated in a shock tube, as compared with Gryvnak's data
for pure A12O3, indicate that composition is an important
factor in determining the absorption index as well as tempera-
ture. Other studies23'24 also indicate that stoichiometry can
significantly influence the value of k. Substoichiometric alu-
minum oxide (A^OS-*) can appear grey or black even at room
temperature in contrast to the normal white color of stoichio-
metric A12O3.

Liquid Phase Optical Constants
The optical constants of A12O3 in the molten state

(Tm = 2320 K) have not been as well characterized as those for
the solid state. Most studies indicate that k increases substan-
tially upon melting with a bigger increase occurring in rela-
tively pure and stoichiometric samples.8'10'12'14'15 Figure 3
shows that most of the reported values of km between 0.5 and
5 jLim are in the range of 10~3-10~2. Recently, Reed16 suggested
a relation for estimating km between 1.7 and 4.5 ptm based on
extinction and emission measurements using particles that
were collected from a rocket plume and heated in a shock tube:

km = 3.7 x 10~4- T(K)1 (1)

Predictions for km based on Eq. (1) are in reasonable agree-
ment with other data plotted in Fig. 3; however, Eq. (1) does
not extend to short enough wavelengths to predict the upswing
in km due to electronic transitions in the long-wavelength tail
of the fundamental electronic absorption edge.

Conspicuously absent from tlie literature are data for direct
measurements of the refractive index of molten A12O3. The
data of Gal and Kirch11 plotted in Fig. 1 at 3qj30 K are appar-
ently a simple extrapolation based on solid phase data and not
actual measuremnts. While this type of extrapolation has been
widely used to estimate «w,10'n'14'15'19'22 it ignores the change
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Fig. 1 Survey of aluminum oxide refractive index.

in density that occurs upon melting and the accompanying
change in refractive index which takes place. Although this
approximation is reasonable for predicting emission and ab-
sorption properties, it is not reasonable for predicting scatter-
ing properties.

Particle Size Distribution
It is generally recognized that the particle size distribution

of A12O 3 produced by combustion of aluminum is bimodal
due to two competing oxidation mechanisms.25'27 One mecha-
nism is detached "vapor-phase" oxidation that produces sub-
micron smoke, and the other is surface oxidation/conden-
sation that produces large residual caps (10-100 jLtm). Due to
their small size and large specific surface area, it is the smoke
particles that dominate the optical properties of alurninized
propellant flames and which are of primary interest in this
study.

Both in situ optical techniques and particle collection tech-
niques have been used to measure the size of combustion-gen-
erated particles such as A12O3.25~29 Although direct particle
collection is generally considered to be more reliable, it is
always accompanied by questions of possible biasing of the
size distribution through the collection process itself. Optical
techniques, on the other hand, can be carried out nonintru-
sively but are usually subject to limitations in the measurable
size range (ird/\>5)9 the restriction of single scattering, and
the need to know n and/or k independently.

Objective
Because of the uncertainty that still exists in the optical

properties of A12O3 in propellant flames, a light scattering and
extinction technique was developed to determine simulta-
neously the optical constants and particle size of molten A12O3
particles produced by aluminum combustion in solid propel-
lant flames. An effort was made to overcome or at least miti-
gate several of the limiting aspects of previous studies of these
properties. In that regard, measurements were made in situ
using typical aluminized solid propellant formulations. Abso-
lute scattering measurements were made, and multiple scatter-
ing was included in the data reduction by incorporating an
inverse solution of the radiative transfer equation.

Light Scattering and Extinction Technique
Light scattering and extinction measurements were made

using the experimental apparatus shown in Fig. 4. Two lasers,
a 5-mW He-Ne laser (\! = 0.6328 /xm) and a 50-mW Nd-YAG
laser (X2= 1.064 /mi) were used to obtain data at visible and
near infrared wavelengths, respectively. A beam splitter cube
was used to separate each laser beam into two parts. One path
was used for bidirectional transmittance (forward scattering)
measurements and the other for bidirection reflectance (back-
ward scattering) measurements. Only one path and one laser
beam were allowed to be Incident on the flame zone at a time.
Azimuthal angle dependence of the scattered light was elimi-
nated by aligning the incident laser beam perpendicular to the
flame zone. Light scattered in the forward direction was mea-
sured at approximately 11 deg from the normal to the flame
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Fig. 2 Survey of solid aluminum oxide absorption index.
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Fig. 4 Optical apparatus schematic diagram.

(Bf = 1 1 deg) and light scattered in the backward direction at
approximately 17 deg from the normal (6b = 17 deg).

The optical system was set up and aligned to direct the
scattered laser light to the entrance slit of the Spectrograph.
The vertical Spectrograph entrance slit was imaged as a hori-
zontal slit at the center of the flame zone by lenses 1 and 2 and
a beam inverter. An optical multichannel analyzer with a linear
diode array detector was used to measure the intensity of the
scattered light / over a spectral region of interest (ROI) from
628 to 639 nm for the He-Ne signal and from 1059 to 1069 nm
for the Nd-YAG signal. Background thermal emission from
the flame was subtracted from the total signal giving a signal
which was proportional to only the scattered light intensity.

A photomultipler tube (PMT) and a silocon diode detector
(SDD) were used to detect the directly transmitted He-Ne and
Nd-YAG laser light, respectively. Output voltages from the
PMT and SDD corresponded to the direct, unscattered trans-
mission T through the flame. The directly transmitted beams
were also passed through narrow-band pass filters to prevent
a significant amount of flame emission from reaching the
PMT or SDD. The output signals of the PMT and SDD were
processed by a microcomputer through an analog/digital con-
verter. The computer was also used to trigger the ignition of
the propellant with a nichrome wire and to trigger the scanning
of the optical multichannel analyzer.

The combustion chamber was equipped with a nitrogen gas
purge to exhaust the combustion products, to keep the win-
dows clean, and to maintain the pressure in the combustion
chamber at 1.8 MPa (250 psig). A video camera with a 1000
power neutral density filter was used to estimate the linear
propellant burning rate (5 mm/s) and record the combustion
process to allow rejection of abnormal propellant burns. Mea-
surements were collected from a spatial region 4-7 mm above
the burning propellant surface to ensure that sufficient alumi-
num combustion had occurred so that oxide smoke dominated
the optical properties of the flame. The 1x6x15 mm propel-
lant strands consisted of 68% ammonium perchlorate (AP),
12% polymer binder (HTPB), and 20% aluminum (Al) by
mass.

In order to make absolute scattering measurements (i.e., to
obtain absolute intensity and not just intensity relative to some
unknown reference intensity such as incident intensity or in-
tensity at some other scattering angle), a reference measure-
ment using a known reference intensity was required. A ref-
erence cell geometrically similar to the flame zone was used to
obtain reference measurements for scattered intensity (/ref) and
direct transmission (TTef) as shown in Fig. 5. The reference

Glass Slide
I OXU2

Flame

net net

Fig. 5 One-dimensional planar scattering geometry for the experi-
mental technique.

cell consisted of two glass slides (slab thickness L -1 mm)
filled with an aqueous suspension of polystyrene latex spheres
(2% by mass). Latex spheres with a diameter of 107 ± 3 nm and
200 ± 6 nm were used for reference measurements at Xi = 632.8
nm and X2 = 1.06 nm, respectively. The refractive index of the
latex particles was essentially the same (1.59) at both wave-
lengths.30

Scattering and Extinction Results
The results of the scattering and extinction measurements

(optical thickness, bidirectional transmittance and bidirec-
tional reflectance) are listed in Table 1 for both wavelengths.

The optical depth tL was obtained for both the flame and
reference cell from the direct transmittance measurements us-
ing Beer's law:

(2)

Bidirectional transmittance and reflectance for the reference
cell, Tre'f and p^f, were obtained from a discrete ordinate solu-
tion of the one-dimensional radiative transfer equation using
as input parameters the measured optical thickness tLTQf9 an
albedo of o>0 = 1, and a single scattering phase function calcu-
lated from Mie theory (essentially Rayleigh scattering). Since
the aqueous solution used for the reference measurements was
contained between glass slides, the effects of multiple reflec-
tion inside, outside> and between the glass slides as well as
refraction and total internal reflection were included in both
the determination of Tref and in the transfer equation solution
for T^f and prjf. Once the reference and experimental intensity
values were measured (e:g., /ref and /, respectively), T "and p"
were determined on a relative basis using Eqs. (3) and (4).

Forward:

" ~ \ T 17"ref Vref/ tran

Backward:

Pref V/ref/refl

(3)

(4)
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Table 1 Scattering and extinction results

Type Wavelength, /mi tL
Polystyrene
reference

Polystyrene
reference

A12O3 in
flame

A12O3 in
flame

Xi = 0.6328

\2 = 1.064-

Xi = 0.6328

X2= 1.064

1.78

1.89

1.28±0.11

1.21 ±0.23

T"

0.40

0.42

1.37 ±0.07

1.05 ±0.06

p"

0.43

0.43

043 ±0.03

0.13 ±0.07

Table 1 shows that the flame bidirectional transmittance val-
ues were an order of magnitude larger than the reflectance
values, which, given the value of optical depth (1.2), is an
indication of strong forward scattering.

Inverse Solution for Optical Properties
An implicit method involving Mie scattering theory coupled

with the radiative transfer equation was used to determine the
effective optical constants (n and k) and the size distribution
parameters of the A12O3 smoke particles formed in the propel-
lant flames. This method required that the particle size distri-
bution and optical constants be assumed to obtain the Mie
scattering parameters. These parameters were then used in a
solution of the transfer equation to determine bidirectional
transmittance and reflectance values. These calculated trans-
mittance and reflectance values were then compared to the
corresponding experimental values (Table 1). A solution (not
necessarily unique) for the optical properties was obtained
when the calculated values of r" and p" were found to be
equal to the corresponding measured values to within the
experimental uncertainties at both wavelengths. By requiring
the optical properties to also satisfy the two spectral extinction
measurements and a simple dispersion relationship, it was pos-
sible to find only one solution region of the system of equa-
tions. Although this does not constitute a mathematical proof
of uniqueness, the fact that the solution was in good agreement
with other reported values gives confidence that the solution
found was the correct solution.

Particle Size Distribution
A monomodal gamma function size distribution was as-

sumed to represent the A12O3 particle sizes:

(5)

where a and /3 are parameters describing the distribution, and
N(r) is the number density of specified particle radius r. A
monomodal representation is adequate if one mode dominates
the optical properties. In the present investigation, the A12O3
smoke particles were assumed to dominate the optical scatter-
ing and extinction characteristics of the flame. (This assump-
tion was verified by taking high-speed photographs of the
region 4-7 mm above the surface of the burning propellant
where measurements were made.) This distribution can also be
characterized by the optical mean size d32:

= 2
r3N(r)dr

Jo

and most probable size dmp. (size where dN/dr = 0)

(6)

(7)

the parameter d32 is a mean optical size which can be regarded
as the location parameter of the distribution, and dmp/d32 can
be regarded as the width parameter with an upper limit of 1

for a monodispersion and a lower limit of 0 for an infinitely
wide polydispersion. The significance of using e/32 is that for
relatively large particles and realistic size distributions, which
are wide enough to integrate out the interference oscillations in
the monodisperse Mie parameters, the size-averaged Mie
parameters [(Qa,5,e, o>0, andp(6)] are independent of the width
parameter dmp/d32. Assuming the smoke particles in this study
satisfy these requirements (x32 = ird32/\ > 1 and dmp/d32 < 0.3),
the present characterization of the size distribution in terms of
d32 simplifies the inverse solution problem significantly by
eliminating the dependence of the measured quantities on the
width of the size distribution.

Mie Scattering Parameters
The equations used for calculating the Mie scattering

parameters for the polydispersion (indicated by an overbar)
are summarized below. The absorption (a), scattering (s), and
extinction (e) efficiencies are given by

Qa,s,e =
\*r2N(r) dr
Jo

(8)

the albedo co0 is given by

a a
° Qa+Qs a

and the phase function p(9) is given by

(9)

\~Q,r2N(r)dr
Jo

(10)

The scattering asymmetry is often expressed in terms of the
asymmetry factor <p>, which is a measure of the relative
forward-to-backward scattering ratio. The value of <p>
ranges from -1 for maximum backward scattering to 1 for
maximum forward scattering:

2 J -i
cos0 d(cos0) (11)

The functional dependence of the Mie scattering parameters
can be expressed as shown in Eqs. (12-14);

Qa,s,e —

= p(Q, n , £, x32 , xmp/x32)

(12)

(13)

(14)

where the effective size parameters based on the optical mean
and most probable diameters are given by

X32,mp = (15)

Equations (12-14) express the Mie scattering parameters as
functions of the optical constants and the particle size parame-
ters. The Mie parameters were used to determine the bidirec-
tional transmittance and reflectance T " and p " from the solu-
tion of the radiative transfer equation as discussed in the
following section.

Radiative Transfer Equation
The radiative transfer equation for a nonemitting, one-di-

mensional, plane parallel slab is

(16)
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where / is the spectral scattered intensity, /it is the cosine of
the slab polar angle, 6 (0<0/<7r/2 and ir/2<0b <TT), and t is
the optical depth. Equation (16) was solved by the discrete
ordinate method with 20 discrete ordinates. The solution of
Eq. (16) can be expressed functionally by Eqs. (17) and (18):

p" =

where

tr =

(17)

(18)

(19)

The functional relations used to solve for the particle optical
properties can be obtained by substituting Eqs. (12-14) into
Eqs. (17-19), giving

(20)

(21)

(22)

(23)

7X2 = 7X2(«X2, kX2, d329dmp/d32)

P\\ = Px"i(«xi, kx{9d329dmp/d32)

PX2 =

for specified scattering directions 0/ and 6b. Since the volume
fraction of the ensemble of particles is unknown, fv is elimi-
nated by taking the ratio of optical thickness at the two wave-
lengths, giving

kxl9d329dmp/d32)
2» dmp/d32)

(24)

To obtain closure, the slope of n vs X for molten A12O3 was
assumed to be constant and equal to that for solid A12Q3 in the
interval 0.6328 < A < 1.064 ^m:

i-*x2= -0.025(X1-X2) (25)

This assumption appears to be reasonable because the value of
n in the visible and near infrared region is primarly determined
by electronic transitions in the ultraviolet region. Although
the number density of atoms undergoing electronic transitions
would significantly decrease upon melting (this causing a
decrease in the magnitude of n), the spectral location anc}
strength of the transitions, which would presumably be un-
changed, and thus the slope of n vs X would be expected to
be nearly the same in both phases over this narrow spectral
region.

Results
Equations (20-25) represent six equations with six un-

knowns (/ixi, /to, kxi9 £x2, dmp> and dmp/d32). Solutions to

Table 2 Ranges considered
for each unknown variable

Unknown variable Range considered
n 1.40-1.85

d32 0.1-2 fjim
(dmp/tf32) - (Xmp/*32) 0-05-1 .'0

Table 3 Optical properties of A12O3
smoke particles T = 2680 K

Property
d32,.fjim

nm\\
nm\2

km\\,\2
dmp/d32

Value
0.97
1.65
1.64

6xlO-3

0.15

Standard deviation
0.11
0!03
0.03

4xl6~ 3

0.10

these six equations were obtained by a direct search method.
The ranges considered for each variable are listed in Table 2.

The results of the direct search procedure are presented in
Table 3. A range of possible sizes form ^32 = 0.86-1.08 jum
satisfied the six equations within the experimental uncertainty.
For each size there was a range of possible values for n, and
for each n there was a range of possible values for k. Rather
than present the full array of solutions, only the values which
gave the best match (i.e., near the center of the uncertainty
intervals) are listed in Table 3 (the full array of solutions is
presented in Ref. 31). It should be noted that, within the
experimental uncertainty, it was not possible to distinguish
between values of k at the two wavelengths. Thus k\\ and
&X2 are treated as a single value k. It was also found that for
realistic (i.e., relatively wide) particle size distributions
(0.05<dmp/d32<0.3) the results were insensitive to the value
of dmp/d32. (A value of 0.15 was used just to carry out the
particle size integrations.) With the loss of dmp/d32 as an un-
known it would appear that the system of equations would
become over constrained. However, it should also be noted
that the uncertainty interval on the measured value of p\2 was
so wide (see Table 1) as to make Eq. (23) a relatively noncon-
straining equation in the system.

One of the important results to point out is that the values
of nm obtained in this study are significantly less than the solid
phase values at temperatures near the melting point. This re-
sult is in agreement with the reported density increase which
occurs upon melting arid is to be expected. It should be noted,
however, that, in the absence of any measurements, it has been
common practice10''1'14'15'19'22 to estimate the values of nm by
extrapolating the values of ns near the melting point using only
the temperature variation observed in the solid phase. Al-
though this procedure is probably valid within a single phase,
it does not include the density change effect at the melting
point and thus overestimates the value of nm.

The value of k in Table 3 is consistent with comparable
values (i.e., same wavelength, temperature, and flame envi-
ronment) reported in other studies. The effective temperature
of the particles was determined to be 2680 ± 50 K. This temper-
ature was determined by two-color emission measurements.

The Mie scattering parameters which were determined as
part of the solution procedure are listed in Table 4. The parti-
cle size parameter at both wavelengths is greater than one,
which accounts for the insensitivity of the solution to the size
distribution width parameter dmp/d32. The relatively large val-
ues of the asymmetry factor indicate that single scattering was
predominantly in the forward direction as evidenced by the
measured bidirectional transmittance reflectance values (see
Table 1).

Dispersion Analysis
Using the present results together with selected data from

other investigations, a dispersion analysis was carried out to
obtain temperature-dependent dispersion parameters for
molten A12O3. According to classical dispersion theory,32 the
real (e') and imaginary (e") parts of the complex dielectric
function are given by

Noscillators ~,2 / t/2 _ ^2
^ Vm^oi V

^oscillators
e" = 1 +

(26)

(27)

Table 4 Mie scattering parameters for A\2O$ smoke particles

Parameter
Particle size parameter, x32
Extinction efficiency, Qe
Albedo, w0
Asymmetry factor, </»

XI = 0.6328 Aim
4.82 ±0.55
2.65±0.14
0.94 ±0.04
0.67 ±0.07

X2= 1.064 Aim
2.86±0.33
2.90 ±0.47
0.97 ±0.03
0.69 ±0.07
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Table 5 Data used for dispersion analysis

Temperature, K Wavelength, /*m
2320 0.55

0.725
1.0
1.7
2.0
3.0
3.1
4.0
4.5
5.0

2680 0.6328
1.064
1.7
3.0
3.1
4.0
4.5
5.0

3000 0.5
1.0
2.0
3.0
4.0
5.0

Table 6 Plass' data for solid A12O3 at 2300 K

X, /mi 0.5 1.0 2.0 3.0 4.0 5.0
ns 1.83 1.81 1.80 1.77 1.74 1.69

nm
——
——
1.62
——
1.60
1.59
——
1.57
——
1.54
1.65
1.64
——
1.61
——
1.59
——
1.56
1.69
1.66
1.64
1.63
1.61
1.58

Source
——
——

Eq. (32)
——

Eq. (32)
Eq. (32)

——
Eq. (32)

——
Eq. (32)
Table 3
Table 3

——
Eq. (34)

——
Eq. (34)

Eq. (34)
Eq. (34)
Eq. (34)
Eq. (34)
Eq. (34)
Eq. (34)
Eq. (34)

Table 7

km
l .OXlO-3
8.0X10-4

——
l . lx lO- 4

——
——

2.0X10-4

——
2.9X10-4

——
6.0x10-3
6.0x10-3
8.3x10-4

——
1.5x10-3

——
2.2x10-3

——
l .OxlO-2

5.2x10-2
2.3x10-3
2.4x10-3
3.1x10-3
4.5x10-3

Dispersion

Source
Ref. 15
Ref. 15

——
Eq. (1)

——
——

Eq. (1)
——

Eq. (1)
——

Table 3
Table 3
Eq. (1)

——
Eq. (1)

——
Eq. (1)

——
Ref. 11
Ref, 11
Ref. 11
Ref. 11
Ref. 11
Ref. 11

parameters for two oscillators
at tnree temperatures

Parameter

7/2,1 ——— )

2320 K

8.513X101

2680 K 3000 K

8.723 xlO1 8.934X101

where

e" =2nk (28)

In these equations, each of the oscillators is described by its
plasma wave number i\p^ its damping coefficient 7,-, and its
effective wave number Hoi. The effective wave number takes
the induced field effect into account and retains the classical
form of the dispersion equations. The effective wave number
is determined from the characteristic wave number rjoi and the
plasma wave number according to Ref. 33 as

ffoi = rj2
oi-(rj2

pi/3) (30)

In the region of interest (0.5-5 /mi), the optical constants
can be satisfactorily fit by using just two oscilators, one in the
ultraviolet (H0i) accounting for electronic transitions and one
in the infrared (Ho2) accounting for molecular vibrations.
Since both oscillators are located outside the region of interest,
the approximations H0i>rj>Ho2 and k<n can be applied to
Eq. (26), giving

—r 8.915x10-3 8.806x10-3 8.839x10-3

6.783X10-4 3.423x10-2 1.995x10-*

8.630X10-7 5.344xlO~5 LOSSxlO'4

used for three temperatures, 2320, 2680, and 3000 K, covering
the spectral region from 0.5 to 5 /*m. The data used for the
dispersion analysis are listed in Table 5. The values of nm at
2320 K were estimated using Eq. (32) and Plass' predictions for
ns at 2300 K as shown in Table 6. The density of solid A12O3
at 2300 K was taken as p5 = 3.73 g/cm3, and the density of
molten A12O3 at 2320 K was taken as pm =3.02 g/cm3. The
latter value is based on the results of Kirshenbaum and
Cahill,34 who give the following relation for the density of
molten A12O3 as a function of temperature, T(K):

Pm = 5.632-1.127 x 10-3JXK), g/cm (33)

n2-\
(31)

By definition, the plasma wave number squared is propor-
tional to the number density of oscillators and therefore to the
material density. Thus Eq. (31) can also be expressed as

The values of nm at 2680 K (at wavelengths other than 0.6328
and 1.06 />tm) and at 3000 K were extrapolated from the values
of nm at 2320 K using a temperature coefficient:

10-5perK (34)

(32)

which is the Lorentz-Lorenz relation. This relation can be used
to estimate the change in refractive index, which occurs upon
melting, if the density change is known.

A combination of data for n and k from this and other
studies was used to fit the dispersion parameters. Data was

which was based on a linear curve fit between the experimental
values of nm at 2680 K (0.6328 and 1.06 /im) and the values
predicted by the Lorentz-Lorenz relation at 2320 K.

The dispersion parameters were determined by minimizing
the function F, which is a measure of the error or difference
between the theoretical and experimental values:

p — (35)
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Table 8 Temperature coefficients for dispersion parameters

* ao
Tj2! 8.509 XlO 1

r/22 8.853X10-3

-yf 7.450 XlO- 4

7i 8.630 XlO-7

Table 9 Dispersion analysis results

Temperature, K Wavelength, /-im «m

2320 0.5
1.0
2.0
3.0
4.0
5.0

2500 0.5
1.0
2.0
3.0
4.0
5.0

2680 0.5
1.0
2.0
3.0
4.0
5.0

2800 0.5
1.0
2.0
3.0
4.0
5.0

3000 0.5
1.0
2.0
3.0
4.0
5.0

.65

.62

.60

.59

.57

.54

.66

.63

.61

.60

.58

.55

.67

.64

.62

.61

.59

.56

.68

.65

.63

.62

.60

.57

.69

.66

.64
,63
.61
.58

<*i
4.205

0
1.838X10-1

8.691X10-5

km

5.81x10 4

2.65x10-4
1.50X10-4

1.57x10 4

2.35 XlO- 4

3.92X10-4

2.79X10-3

1.27x10-3
7.30X10-4

7.96xlO~4

1.23x10-3
2.09x10-3
4.65x10-3
2.12x10-3
1.19x10-3
1.23x10-3
1.83x10-3
3.04x10-3
6.92x10-3
3.15x10-3
1.72x10-3
1.66x10-3
2.31x10-3
3.69x10-3
1.03X10-2

4.69x10-3
2.51X10-3

2.30x10-3
3.01x10-3
4.63x10-3

#2 #3 #4

0 0 0

0 0 0
8.626X10-1 1.698 -8.195X1Q-1

1.832X10-5 0 0

2.0-

1.9-

1 8 -l.o
n

1.7-

1.6-

i
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Fig. 6 Aluminum oxide refractive index (recommended).
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Fig. 7 Molten aluminum oxide absorption index (recommended).

largely unaffected by the exact choice of the infrared oscillate
wavelength outside the region of interest.

The temperature dependence of the dispersion parameter

The experimental values of n and k (from Table 5) are denoted
by a subscript e, and the theoretical values predicted by the
dispersion analysis are denoted by a d. The difference in the
experimental uncertainty between n and k was accounted for
by including the ratio of the normalized standard deviation of
n, an to the standard deviation of k, a^. The normalized stan-
dard deviations used throughout this analysis were based on
the experimental uncertainty reported in Table 3 for n and k.
The greater uncertainty for k was reflected in an and ak, where
on = 1.8% and ak = 61% were used. The results of fitting the
data of Table 5 to Eqs. (26) and (27) by minimizing Eq. (35) are
presented in Table 7.

The characteristic wavelengths of the two oscillators were
assumed to be X0i = 0.1107 /mi in the ultraviolet region and
^02= 17.57 /mi in the infrared region, based on previous dis-
persion analysis of solid A12O3.6»7'20'21 The characteristic wave-
length in the ultraviolet region corresponds to electronic tran-
sitions and would be expected to be similar in both solid and
liquid phases. The characteristic wavelength in the infrared
region accounts for molecular and intermolecular vibrations
(e.g., lattice vibrations for the solid phase) and therefore
would be expected to change in passing from solid to liquid.
Since the intermolecular restoring forces of the liquid are ex-
pected to be less than those in the solid, the characteristic
wavelength in the liquid might be expected to be greater than
17.57 /mi. However, it is difficult to estimate a more appropri-
ate value fo Xo2, due to the lack of radiative property measure-
ments at longer wavelengths. Thus, for simplicity, the value of
17.57 was used. This assumption is of little importance in the
spectral region of interest since the curve fit in this region is

was incorporated using a standard least-square curve fitting
technique. The three values of each parameter were fit to a
polynomial of sufficient degree to adequately represent the
variation with temperature. The temperature was nondimen-
sionalized according to

r* = T-2320K
2000 K-2320 K

(36)

The polynomial equation used for a general dispersion param-
eter \l/ was

<* \ T* a4T*4 (37)

with Tin Kelvin. The coefficients that best fit the dispersion
parameters are listed in Table 8. The values of nm and km can
be calculated for wavelengths between 0.5 and 5 /mi and tem-
peratures between 2320 and 3000 K by using the coefficients
from Table 8 and Eqs. (26-37). Table 9 gives a list of nm and
km values that were determined using the results of the disper-
sion analysis.

The results for nm and km from the dispersion analysis are
plotted in Figs. 6 and 7 (labeled "theory") along with some of
the values from Figs. 1-3 for comparison. The values of nm are
lower than the values for ns at corresponding wavelengths, but
both phases exhibit a positive temperature coefficient. The
values of km also increase with temperature as expected.

Summary
The optical properties of molten A12O3 smoke particles in a

typical aluminized solid propellant flame were determined by



APRIL-JUNE 1991 OPTICAL CONSTANTS IN AL2O3 SMOKE 149

a light scattering and extinction technique. At 2680 K and
0.633-1.06 /zm, results obtained were n = 1.65-1.64, k = 0.006,
and cf32 = 0.97 /*m. The value of n showed a significant de-
crease upon melting attributable to the density change of
A12O3. The value of k was in reasonable agreement with other
reported values, considering how sensitive k is to impurity and
stoichiometry effects and the high level of uncertainty associ-
ated with these effects. The results obtained were combined
with data from other investigators to determine temperature
dependent dispersion parameters for molten A12O3. More ef-
fort is still needed, however, to characterize the important
effects of composition (i.e., stoichiometry and impurity) on
the value of the absorption index.
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